Abstract The quantitative theorem, due to Fiedler and Ptak, on products of Bezoutians and their inverses, is extended to a more general case, using an alternative to Fiedler's assertion on the quasidirect decomposition of Hankel matrices as the main tool.
x1 Introduction And Preliminaries
The paper works out quantitative connections concerning products of Bezoutians and Hankel matrices, the topic which was brie y described by Fiedler and Ptak 5] 6] but with more emphasis on the qualitative point of view only. While the original interest in developing the result mentioned was motivated by the applications for giving simpler proofs in the theory of Loewner matrices and further in the rational interpolation problems in the scalar case, including multiple nodes.
Various interesting relations of this sort established in 5] and 6] are partially represented as follows. Here, C n ( ) denotes the class of polynomials of degree n at most; given f 2 C n ( ), B n (f) H n (f), resp.] denotes the set of Bezoutians B n (f; g) of order n for polynomials g 2 C n ( ) the set of Hankel matrices of order n compatible with f, resp.](see the second part of this section for the precise de nition).
Lemma I. Let 0 6 = f 2 C n ( ), and let k be a xed positive integer.
(a) If A 2i?1 2 B n (f) H n (f) resp. ], i = 1; : : : ; k + 1, and A 2i 2 H n (f) B n (f)
resp. ], i = 1; : : : ; k, then A 1 A 2 A 2k+1 2 B n (f) H n (f) resp. ]: (b) In particular, if g 1 ; g 2 ; : : : ; g 2k+1 2 C n ( ); gcd(f; g 2i ) = 1 and maxfdeg f; deg g 2i g = n; i = 1; : : : ; k, then there exists g 2 C n ( ) such that B n (f; g 1 )B ?1 n (f; g 2 )B n (f; g 3 )B ?1 n (f; g 4 ) B ?1 n (f; g 2k )B n (f; g 2k+1 ) = B n (f; g): (1.1) Moreover, g 2 C n ( ) satis es the property (1.1) if and only if g 1 g 3 g 2k+1 ? g 2 g 4 g 2k g = fp (1.2) for a suitable polynomial p 2 C kn ( ). If g = g 0 2 C n ( ) is a polynomial having the property (1.2), then the set of all polynomials in C n ( ) having the property (1.2) consists of all polynomials of the form g 0 + f, = const.
In the present note we intend to pursue the investigation on the quantitative result concerning the interlacing products of Bezoutians and their inverses of the type given in (b) of Lemma I. Moreover, we focus ourselves on the more general case of products of such matrices where the inverses of Bezoutians are replaced by Hankel matrices compatible with a polynomial f 2 C n ( ). Some of our quantitative results, e.g., the polynomial congruence equations (2.18) and (2.23) below are especially important in the case when the compatible polynomial f has degree less than n. In this case, an alternative to Fiedler's assertion 4, Theorem 2.5] on the quasidirect decompasition of Hankel matrices is used as a tool. It turns out that each H 2 H n (f) (not necessarily singular) can be uniquely written as a quasidirect sum of
where h 2 C n?1 ( ) with deg h < deg f and H 0 of order n is a lower triangular
Hankel matrix. By means of the decomposition (1.3) on Hankel matrices, the properties of products of Bezoutians in B n (f) and Hankel matrices in H n (f), including mutual relations between the compatible polynomials of the products, which are Bezoutians, and the generating functions of Hankel matrices therein are established (see Theorems 4 and 6 later on). For applications of these results we refer to 2, Theorems 3.5 and 5.3]. In the case deg f = n the result on products of matrices mentioned is not very surprising since it is an almost immediate consequence of the well-known Barnett formulas (the calculation of the products of Bezoutians and Hankel matrices can be reduced to multiplication of polynomials in the companion matrix C f ).
The following notation and preliminaries will be used in the sequel. Let n be a xed natural number throughout. Denote by M n (C) the set of complex matrices of order n, by C 0 n ( ) the subclass of C n ( ) consisting of all polynomials of degree n. We shall adopt the following conventions: the degree of zero polynomial equals to ?1, so that deg 0 < deg f whenever f is a nonzero polynomial; gcd(f; g) is always monic where f; g are polynomials.
By a Hankel matrix we shall mean a square matrix which has, of order n, the form H = (h i+j ); i; j = 0; 1; : : : ; n ? 1 In this case, the Bezoutian B n (f; g) is said to be compatible with f and g, written as B n (f; g) 2 B n (f) or B n (f; g) 2 B n (g).
As is well known, the following factorization formula due to S.Barnett is fundamental for the study of the Bezoutians B n (f; g) = B n (f; 1)g(C f ) = g(C t f )B n (f; 1); (1.6) where C f of order n stands for the ( rst) companion matrix of f. Thus, the Bezoutian B n (f; g) is nonsingular if and only if gcd(f; g) = 1 and maxfdeg f; deg gg = n. Similarly, we have
where f 2 C First of all, we shall need to establish an alternative of Fiedler's assertion on the quasidirect decomposition of Hankel matrices. In contrast to the Fiedler's in 4, Theorem 2.5], our decomposition is stated for an apriori chosen polynomial f and is always unique whenever the Hankel matrix H(not necessarily singular) is in H n (f) for some 0 6 = f 2 C n ( ). In the rest of the note we shall frequently quote this result rather than the one in the Fiedler's sense. Theorem 1. Let 0 6 = f 2 C n ( ) and H 2 H n (f). Then there exist h 2 C n?1 ( ) with deg h < deg f and a lower triangular Hankel matrix H 0 of order n, which is degenerate if deg f > 0, where h and H 0 are determined uniquely by f and H, such that H can be uniquely written as a quasidirect sum of the form
that is, H is the sum of both matrices H n (h=f) and H 0 with rankH = rankH n (h=f) +rankH 0 . 
Since both of V (a) and V (b) are nonsigular, (2.2) holds for some polynomial p 2 C k ( ). Now show (2.2) in the general case when a and b are in C n ( ). As is well known, any polynomial in C n ( ) can be written as a sum of a pair of polynomials in C 0 n ( ), each of which can be in turn written as a sum of a pair of polynomials in C 0 n ( ) having n simple roots each. Thus, (2.2) holds for any a; b 2 C n ( ) in terms of the result just proved. The rest is obvious, since the polynomials p 2 C k ( ) having property (2.2) are independent of the choice of f 2 C n ( ). k Theorem 3. Let 0 6 = f; h; a; b be all in C n ( ), deg h < deg f. Then and (2.6b) follows. As for (2.6a), if gcd(f; ab) = 1, then, from (2.14) and the condition that gcd(f; h) = 1, we have that gcd(f; g) = 1, and therefore, by (2.13), deg f = rankH n (h=f) rankB n (f; g) = maxfdeg f; deg gg. Thus, (2.6a) follows under the assumption that gcd(f; ab) = 1.
In the case when gcd(f; ab) 6 = 1, we have that there exist a 1 ; a 2 ; b 1 ; b 2 This together with (2.13) obtains that g = g 11 +g 12 +g 21 +g 22 +f for some 2 C, whence deg g deg f, i.e., (2.6a) follows again when gcd(f; ab) 6 = 1. 
Conversely

